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heterogeneous spheroid whose strata of equal density are co-axial spheroids and
/dV P~~da~^a' ^e ^m*ts being a = 0
to a.    Here a is the, semi-axis major of any spheroid, p=f(a), e = \//(a) are the corresponding density and eccentricity and <z = a at the surface.
If this body represent the earth, we notice that e is very small and a few terms only of the series are necessary to find the potential even at points near the surface.
304. Clairaut's theorem. To investigate the law according to which gravity at any point on the surface of the earth varies with the position of that point*.
Without making any hypothesis respecting the distribution of matter in the interior of the earth, we assume the principle that the surface of the earth is a level surface of the attraction of the earth and of the centrifugal forces. If &> be the angular velocity of the earth, the centrifugal acceleration at a distance p from the axis is c0~p and the potential is Jo)2p2. At all points of the surface
we have therefore          V -f- ^a>2rz sin2 Q = tc.....................(1),
where 6 is the co-latitude of the point, r the radius vector and K a constant.
The potential V is therefore such that at all points of the surface its value is given by (1), and at all points infinitely distant F=0. It follows by Art. 133 that the potential V is determinate at all points of space external to the surface.
Let the equation of the surface of the earth be
r = c(l+ul + ut+...).....................(2),
where u^, u<2, &c. are Laplace's functions of the first and higher
* This famous theorem was given by Clairaut in his Thforie de la figure de la terre, 1743. No assumption was made about the law of density in the interior except tliat the strata of equal density are spheroids of small ellipticity, and that the external surface is one of equilibrium. The theorem was extended by Laplace who, assuming only that the strata are nearly spherical and the surface stratum one of equilibrium, established a connexion between the form of the surface and the variation of gravity which in the particular case of an oblate spheroid gives directly Clairaut's theorem. Stokes, without making any hypothesis respecting the state of the interior of the earth but assuming that the surface is one of equilibrium and nearly spherical, obtained Laplace's equations. Camb. Phil. Trans. 1841). O'Brien in his Mathematical Tracts, 18-10, remarks that if the surface of the earth and also the law of variation of gravity are known the effects of the earth's attraction on the moon follows as a natural consequence independently of any theory except that of universal gravitation. These effects may also be deduced from MacCullagh's theorem on the potential of a body given in Art. 135. See also the author's treatise on Rigid Dynamics, vol. n. chap. xii.
The extension of Clairaut's theorems to include terms of the second order of small quantities was first effected by Airy, Phil. Trans. 1826, part in. This is also investigated by Callandreau, Anna'les de VOlservatoire, Paris, 1880. There is also a paper by G. H. Darwin in the Monthly Notices of the Astronomical Society, London, 1809, who gives a short summary of the works of Hclrnert, Callandreau, Wicchert on the terms of the second order.